INFINITE INDEX SUB ALGEBRAS OF DEPTH TWO 
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Abstract. An algebra extension A \ B is right depth two in this paper if its 
tensor-square is A-B-isomorphic to a direct summand of any (not necessarily 
finite) direct sum of A with itself. For example, normal subgroups of infinite 
groups, infinitely generated Hopf-Galois extensions and infinite dimensional 
algebras are depth two in this extended sense. The added generality loses 
some duality results obtained in the finite theory 6 but extends the main 
theorem of depth two theory, as for example in That is, a right depth two 
extension has right bialgebroid T = (A(Z)bA) b over its centralizer R = Ca{B). 
The main theorem: an extension A \ B is right depth two and right balanced 
if and only if A | B is T-Galois wrt. left projective, right R-bialgebroid T. 



1. Introduction 

Bialgebroids arise as the endomorphisms of fiber functors from certain tensor 
categories to a bimodules category over a base algebra. For example, bialge- 
bras are bialgebroids over a one-dimensional base algebra, while weak bialgebras 
are bialgebroids over a separable base algebra. Hopf algebroids are bialgebroids 
with antipodes: various twisted Hopf algebras are also Hopf algebroids over a one- 
dimensional base algebra. 

Like bialgebras and their actions/coactions, bialgebroids also act and coact on 
noncommutative algebras in a more general setting suitable to mathematical physics 
1 . Initially appearing in the analytic theory of subfactors, the notion of depth two 
has been widened to Frobenius extensions in jHj and to arbitrary subalgebras in 
[Hj. As shown in J>] and later papers, depth two is a Galois theory of actions 
and coactions for bialgebroids. In this paper, we widen the definition of depth 
two algebra extension in [oj to include Hopf i/-Galois extensions where H is an 
infinite-dimensional Hopf algebra, such as the univ. env. algebra of a Lie algebra or 
an infinite dimensional group algebra. Although we lose the dual theory of finite 
projective, left and right bialgebroids over the centralizer in jjj], we retain the right 
bialgebroid T and its role in coaction in [T]. We then obtain the main theorem of 
depth two Galois theory with no finiteness conditions (Theorem 14. Ill : an algebra 
extension A \ B is right depth two with Ab a balanced module if and only if A \ B is 
T-Galois w.r.t. a left projective right i?-bialgebroid T, for some base ring R which 
commutes within A with the subring of coinvariants B. 



1.1. Depth two preliminaries. By algebra we mean a unital associative algebra 
over a commutative ring k, and by algebra extension A \ B, we mean any identity- 
preserving algebra homomorphism B — > A, proper if B — > A is monic. In either 
case, the natural bimodule bAb and its properties define the properties of the 
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extension from this point of view. For example, we say A \ B is right faithfully flat 
ii Ab is faithfully flat, in which case one notes the extension A | B is proper. 

An algebra extension A \ B is left depth two (D2) if its tensor-square A®b A as 
a natural £>-v4-bimodule is isomorphic to a direct summand of a direct sum of the 
natural _B-^4-bimodule A: equivalently, for some set 7, we have 

A® B A®* = A (I \ (1) 

where A^ denotes the coproduct (weak direct product, direct sum ^2 i&I Ai, each 
Ai = A) of A with itself indexed by I and consists of elements (ai)igj where etj E A 
and ^ — for all but finitely many indices (almost everywhere, a.e.). An extension 
A | B is right D2 if eq. JQl holds instead as natural A-B-bimodulcs. An algebra 
extension is of course D2 if it is both left D2 and right D2. 

For example, if A \ B is a projective algebra (so B is commutative, maps into the 
center of A and the module Ab is projective), then A | B is D2, since Ab © * = -B*^ 
for index set J, so we may tensor this by — ®>b A a to obtain eq. 

As another example, suppose H is a Hopf algebra of finite or infinite dimension 
over a field, and A is a right ii-comodule algebra with B equal to the subalgebra 
of coinvariants. If A \ B is an i7-Galois extension, then A \ B is right D2 since 
A®b A = A® H via the Galois A-B-isomorphism, x ® y > xy^ © V(i), where 
2/(o) ©2/(i) denote finite sums of elements equal to the value in A®H of the coaction 
on y G A. Let / be in one-to-one correspondence with a basis for H. Then 
A ®b A = A^K If H has a bijective antipode, use the equivalent Galois B-A- 
bimodule isomorphism given by x © y h- > X(n\y © xc\\ to conclude that A \ B is left 
D2. 

If the index set / is finite, then the algebra extension A \ B is right or left D2 in 
the earlier sense of 01210]. The lemma below notes that the earlier definition is 
recovered for any f.g. extension. 

Lemma 1.1. If A\B is right or left D2 and either of the natural modules bA or 
Ab is finitely generated, then I in eq. 0J) may be chosen finite. 

Proof. Suppose A \ B is right D2. If cither bA or Ab is f.g., then a A ®b Ab is f.g. 
It follows that a A ®b As is isomorphic to a direct summand of a finite direct sum 
A n C The argument is entirely similar starting with a left D2, left or right 

f.g. extension. 

More explicitly using the A-B-epi f and A-B-monic g defined below, if A®bA = 
AwiB + • ■ • + AwjyB for N elements Wj G A<g) B A, then g(wj) — (aij)i e j has finite 
support on Ij C /, then /' = 7i U • • • U ijv is finite and g corestricts, / restricts to 
A 1 ' so that / o g = idA® B A- D 

In analogy with projective bases for projective modules, we similarly develop D2 
quasibases for depth two extensions. 

Proposition 1.2. An algebra extension is right D2 if and only if there is an index 
set I and sets of elements Ui = u\ ® b uf G (A®b A) B , 7,; G End bAb, both indexed 
by I , such that for each a £ A, "fi(a) — a.e. on I , and 

x® B y = ^2xj l (y)u\ ® B uf (2) 
iei 

for all x,y G A. 
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Proof. Let ni : — » A and n : A — > A^) be the usual projection and inclusion 
mappings of a coproduct, so that -Kj o a = SijidA and ^2 ieI H ° m = id on A^\ 

Given a right D2 extension A \ B, there is an A-B-split epimorphism / : A^ — > 
/18b 4, say with section g : A ®b A — > A^). Then / oj = id,4<g> BJ 4- Define 
/i = f ° H E Horn (A, 4®b A) and define gi = iti o g E Horn (4 ®b i, A), both 
hom-groups of the natural A-i3-bimodules. Then 5Z igJ fi°9i = idA<g> B A- But 

Horn (A, A i&b A) = [A®b A) B (3) 

via / i-> /(1a), and 

Hom(A<g) B A, A) = End B A B (4) 

via F i — ► ® — ) with inverse a i— » (x ® y l_ ► ^^(y))- In this case, there 

are 7* € End gis such that 7,(a) = gi(l ® a), all a E A, and Uj G (A ®# A) B 
such that = Ui, for each i E I. Note that 7i(a) = a.e. on /, since 

<7i(l®a) = 7Tj(<7(l®a)) is zero a.e. on /. It follows from idA® B A = J2iei f*°9i * na * 

x®y = ^x7 J (y)u J . 
iei 

Conversely, given right D2 quasibases {uj}ie/ as above, define epimor- 

phism 7r : A^ i ®g A of natural A-B-bimodules by 

n[( a i)] = ^2 a i u i (5) 
iei 

with A-i3-bimodule section t : A ®b A Ay) given by 

t(xig)y) = (x7 i (y)) ieJ (6) 
well-defined in A^' since for all a G A, 7j(a) = a.e. on /. □ 

A similar proposition holds for a left D2 extension A \ B and left D2 quasibase 
tj E (A®b A) B and G End bA b for each i E I. In this case, 

®b t 2 iPi(x)y = x® B y, (7) 

for all x,y E A, which is equivalently expressed as a £g> 1 = ti(3i(a) for all aei, 
where again /3j(a) = a.e. on the index set /. We fix our notation for right and left 
D2 quasibases throughout the paper. In addition, we denote T = (A &>b A) b and 
(less importantly) S — End^A^. 

For example, left and right D2 quasibases are obtained as follows for group 
algebras A = k[G] ~D B = k[N] where G is a group, possibly of infinite order, 
TV is a normal subgroup of possibly infinite index, and A: is a commutative ring. 
Let {gi}i£i be a transversal of N in G. Define straightforwardly a projection onto 
the i'th cosct by 7i(a) = J2jeJ ^ij9i n j where a E A and therefore of the form 
a = X/ie/ / ^ij9i n jj where J is an indexing set in one-to-one correspondence 
with N and fc-coefficients Ajj = a.e. on I x J. In this case for any basis element 
g E G A all but one of the projections 7$ vanish on g: if g is in the coset Ngj, 
then ■Jj(g) = g. Of course, the 7$ are £?-i?-bimodule projections since gN = Ng for 
all g E G. It is then easy to see that 

l®B9 = ^li{g)9i 1 ®B9i (8) 
iei 
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whence eq. (j2J follows by choosing m = g i 1 ®b gi- Note that u, € (A®b4) b since 
"-5 l rl ®B 5i = ffi -1 ®B 9in for n E N. 

Similarly a left D2 quasibase is given by {7^} and {gi ®b g^ 1 } since gr^iV = Ngi. 

We end this section with a proposition collecting various necessary conditions 
on a right depth two algebra extension. 

Proposition 1.3. Suppose an algebra extension A\B is right D2 with centralizer 
R. Then the following is true: 

(1) for each two-sided ideal in A, (I n R)A C A(I n R); 

(2) bA is projective if A \ B is moreover a split extension. 

(3) for some indexing set I , End bA © * = A 1 as natural B-A-bimodules. 

(4) For each H-separable extension B\C , or equivalently an extension satisfying 

B® c B@ * = S (J) natural 5-B-bimodules (9) 
for any index set J, the composite algebra extension A \ C is right D2. 

Proof. The proof of each statement follows in the order above. 

(1) Given x S / fl R and a G A, apply eq. J5J and a right D2 quasibase: 
xa = -fi(a)ujxuf. Note that for each i, ujxu? £ I n R. 

(2) Given a £?-i?-bimodule projection p : A — > £?, apply p ©b id^ to eq. J2J 
with a; = 1, obtaining y = X^e/ P(li(y) u \ ) u f f° r au 2/ S j4, which shows 
bA has dual bases. 

(3) Note that Horn ( A A ®> B A, A A) = End B A as A-A-bimodules via F i-» 
F(l © -). Apply Horn (a-, a^) to © b -4s © * = aA%\ noting that 
Horn {A^\ A) = A 7 (the direct product) as S-A-bimodules. 

(4) Apply the functor A ®b — ®b A from B-B-bimodules into A-B-bimodules 
to the isomorphism ©. Then A A® C A B © * =a^.<8b^-b • Clearly A ® B 
A( J *> © * = (A (/) ) (J) = A (/Xj) as A-f?-bimodules. Whence the composite 
extension A \ C satisfies the right D2 condition 

A® c A® * £ A ilxj \ (10) 

Finally, J in eq. 10 may be replaced by the finite support of the image of 
1 © 1 in A^ J \ under a split A-A-monomorphism A ®b A — > A^ J ' 1 . Whence 
an algebra extension satisfying eq. 10 is H-separable |3] • 

□ 

Similar statements hold for a left D2 extension, one of which results in 

Corollary 1.4. If A\B is D2, then the centralizer R is a normal subalgebra: i.e., 
for each two-sided ideal I in A, the contraction of I to R is A-invariant: 

A(I n R) = (I n R)A (11) 

For example, any trivial extension A \ A is D2, in which case R is the center of 
A, which is of course a normal subalgebra. 

2. The bialgebroid T for a depth two extension 

In this section we establish that if A \ B is a right or left D2 algebra extension, 
then the construct T = (A®b A) B , whose acquaintance we made in the last section, 
is a right bialgebroid over the centralizer C A (B) = R. Moreover, T is right or left 
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projective as a module over R according to which depth two condition, left or right, 
respectively, we assume. 

Lemma 2.1. Let T be equipped with the natural R-R-bimodule structure given by 

r -t- s^rt 1 ® B t 2 s (12) 

for each r, s E R and i e T. If A \ B is left D2 (right D2), then T is a projective 
right (left, resp.) R-module. 

Proof. This follows from eq. Q) by restricting to elements of T C A ® B A. Wc 
obtain t — ^2 i t i f3i(t 1 )t 2 where ti E T. But (3i(t 1 )t 2 E R so define elements fi E 
Horn (Tr, R r ), indexed by /, by /;(*) = AC* 1 )* 2 - Substitution yields t = £\ *;/;(*), 
where fi(t) = a.e. on /. Whence Tr is projective with dual basis {U}, {fi}. 

The proof that A | B is right D2 implies rT is projective follows similarly from 
eq. ©. □ 

The next theorem may be viewed as a generalization of the first statement in jH] 
theorem 5.2]. 

Theorem 2.2. If A\B is right D2 or left D2, then T is a right bialgebroid over 
the centralizer R. 



Proof. The algebra structure on T comes from the isomorphism T = End a A® 



A 



via 



1 1 — > (x (Ei B V i-» xt 1 ® B t 2 y) 
with inverse F i— ► i^(l <8> 1). The endomorphism algebra structure on T becomes 
to = u 1 ^ ® B t 2 u 2 , 1 t = 1a®s1a- (13) 

It follows from this that there is algebra homomorphism sr : R — > T and algebra 
anti-homomorphism tR : R — > T, satisfying a commutativity condition and inducing 
an i?-i?-bimodule from the right of T, given by (r, s E R,t E T) 

s R {r) = Xa®bT (14) 

t R (s) = s® B l A (15) 

SR(r)t R (s) = t R (s)s R (r) = r ® B s (16) 

tt R (r)s R (s) = r^f&fs. (17) 

Henceforth, the bimodule rTr refered to is the one above, which is the same as the 
bimodule in eq. (|12|1 . 

An i?-coring structure (T, R, A,e) with comultiplication A : T — > T ®r T and 
counit e : T — > i? is given by 

A(<) - ^(i 1 ®b 7*(* 2 )) (18) 

e(t) = Y. th2 ( 19 ) 

i.e., £ is the restriction of^i : A® B A —> A defined by ^{x®y) = xy to T E\ A® B A. 
The coproduct A is well-defined since for any given t E T, there are only finitely 
many nonzero terms on the right. It is immediate that A is left i?-linear, e is left 
and right i?-linear, and 

(e ®r idr) ° A = idy = (idy <8>n s) o A 
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follows from variants of eq. (j2J- We postpone the proof of coassociativity of A for 
one paragraph. 

Additionally, note that the coproduct and counit are unit-preserving, e(1t) 
1 i = lie and A(1 T ) = 1 T ® fl 1 T , since 7* (1a) G R. 

We employ the usual Sweedler notation A(t) = tm ®ijt(2)- In order to show the 
bialgebroid identities 

A(tr) = t {l) ® R t [2) r (20) 
SR{r)t {1) ® R t {2) = t (l) ® R t R (r)t {2) (21) 

A(tu) = f(l)U(i) ®fit( 2 )M(2) (22) 

it will be useful to know that 

r® K r^(4® B /l® B A) B igjiiiHi^tV®!! 2 (23) 

with inverse 

Note that the LHS and RHS of eq. are the expressions ^(t 1 ® li{t 2r )) ® 
iti and X^il^ 1 ® 7*(^ 2 )) ® u « r : which both map bijectively into t 1 ® 1a ® t 2 r in 
(A ®b A ®b A) B , whence LHS = RHS indeed. Similarly, the LHS of eq. J2U is 
^(t 1 ®r^i{t 2 ))® R Ui while the RHS is ^(t 1 ®7»(* 2 )) ®R i u \ r ® u 2 ); both mapping 
into the same element, t 1 ®BT®Bt 2 ■ Hence, this equation holds, giving meaning to 
the next equation for all t,u € T (the tensor product algebra over noncommutative 
rings ordinarily makes no sense, cf. 2 ). The eq. (1221) holds because both expressions 
map isomorphically into the element u^t 1 ®b 1a ®b t 2 u 2 . 

Finally the coproduct is coassociative, (A ® R idy) o A = (idy 0^ A) o A since 
we first note that 

T ® R T ® R T ^ {A® B A® B A® B A) B 
t^u^v^t 1 ® tV ® u 2 v x ® v 2 . 

Secondly, £\ A^ 1 ®ji(t 2 ))® R Ui maps into t 1 <S>l®l<Z)t 2 , as does S i ^ 1 ®7i(* 2 ))®ij 
A(iti), which establishes this, the last of the axioms of a right bialgebroid. 

The proof that T is a right bialgebroid using a left D2 quasibase instead is very 
similar. □ 

If A and B are commutative algebras where A is -B-projective, then the bial- 
gebroid T is just the tensor algebra A ®b A, R = A, with Sweedler A-coring 
A(x ® y) = x (g> 1 ® y and e = /i. This particular bialgebroid has an antipode 
t:T given by r(x <8> y) = y ® x (cf. 0). 

P. Xu [H| defines bialgebroid using an anchor map T — > Endi? instead of the 
counit e : T —> R. The anchor map is a right T-module algebra structure on i? 
given by 

r<t = t 1 rt 2 , (24) 

for r £ R,t € T. We will study this and an extended right T-module algebra 
structure on End bA in the next section. The counit is the anchor map evaluated 
at lij, which is indeed the case above. 

Remark 2.3. If 7 is a finite set, a D2 extension A | B has a left bialgebroid structure 
on S = End bA r such that A is left S- module algebra, the left or right endomor- 
phism algebras are smash products of A with S and T is the i?-dual bialgebroid of 
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S IB] • In the proofs of these facts, most of the formulas in jH] do not make sense if 
I is an infinite set. 

3. A RIGHT T-MODULE ENDOMORPHISM ALGEBRA 

We continue in this section with a right depth two extension A \ B and our 
notation for T = (A <3>b A) b , R — Ca(B), left and right D2 quasibases ti,Ui E T, 
/SijTi £ S where i £ I, respectively, in a index set I of possibly infinite cardinality. 
Given any right i?-bialgebroid T, recall that a right T-module algebra A is an 
algebra in the tensor category of right T-modules [21 EI • 

Suppose aM is a left A-module. Let £ denote its endomorphism ring as a module 
restricted to a S-module: £ = End bM ■ There is a right action of T on £ given by 
/ <t = t 1 f{t 2 —) for / G £. This is a measuring action and £ is a right T-module 
algebra (as defined in [El El), since 

(/<t (1) ) o (g«t (2) ) =Y,t 1 f(li(t 2 > 1 i 9(u*-)) = (f°g)<t, 

i 

and If E £ T is a T-invariant, since idnj <t = idjv/ < sn(s{t)). The subring of 
invariants £ T in 5 is End^M since End^Af Q £ T is obvious, and <fi £ £ T satisfies 
for m £ M, a £ A: 

(j)(am) = y^7i(o)(^<Mj)(m) = ^7 l (a)e T (u i )0(m) = a<f>(m). 

i i 

With similar arguments for left D2 quasibase, we have established: 

Theorem 3.1. If B —> A is right or left D2 and aM is module, then End^M is 
a right T-module algebra with invariant subalgebra End^M. 

By specializing M = A, we obtain 

Corollary 3.2. If A \ B is D2, then End bA is a right T-module algebra with 
invariant subalgebra p(A) and right T-module subalgebra X(R). 

Proof. For any r G R, we have A(r) < t = A(r <t) wrt. the right action of T on R in 
eq. (|24|l in the previous section. Of course, Horn (aA, aA) = p(A) where we fix the 
notation for right multiplication, p(a)(x) — xa (all a,x E A). □ 

The right T-module End bA is identifiable with composition of endomorphism 
and homomorphism under the ring isomorphism T = End aA (8 s A a and the ^4-^4- 
bimodule isomorphism End bA = Hom(A^4 ®b A, a A) via / i— » (a; ® y *—> xf(y)). 
We leave this remark as an exercise. 

4. Main theorem characterizing Galois extension 

Given any right i?-bialgebroid T, recall that a right T-comodule algebra A is 
an algebra in the category of right T-comodules |2| ■ If B denotes its subalgebra of 
coinvariants j4 coT , which are the elements 6 : x h- > x <E)r It under the coaction, wc 
say A | B is right T-Galois if the canonical mapping (3 : A <E>b A —* A <Z>b T given 
by (3(x (E> y) — xyro) £g> ym is bijective. Note that any r E R and b E B necessarily 
commute in A, since the coaction is monic and 

8(rb) = S(r)5(b) =b® R s R (r) = 5{br). 

Among other things, we show in the theorem that if A \ B is right depth two, 
then A is a right T-comodule algebra and the isomorphism A ®b A = A <S)r T 
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projects to the Galois mapping via A ®b A — > A t A. If moreover the natural 
module Ab is faithfully flat (apply to ea. 1281 below) or balanced, i.e., the map p: 
B — > End eA is surjective where E = End As, then B = A coT . 

Theorem 4.1. An algebra extension A \ B is right D2 and right balanced if and 
only if A \ B is a right T -Galois extension for some left projective right bialgebroid 
T over some algebra R. 

Proof. (<=) Since R T is projective, R T(B* = R R (I ^ for some set /. Then A® R T®* = 
A^ as A-£>-bimodules, since R and B commute in A and A<S>rR^ = (Ai&rR)^ 1 ' . 

But the Galois isomorphism A ®b A ^ A (g)jj T, (3{x ®y) = xy(n\ ® ym is an A-B- 
bimodule isomorphism, hence A \ B is right D2. 

To see that the natural map p : B — > End eA is surjective, we let F £ End eA. 
Then for each a £ A, left multiplication A a £ _E, whence F o A„ = A a o f . It 
follows that F = p x where a; = -F(l). Since _B = A coT , it sufhces to show that 
X(o) ® = x (S> 1 under the coaction. For this we pause for a lemma. 

Lemma: Let R be an algebra with modules M R and #V where V is projective 
with dual bases Wi £ V, fi £ Horn (^V, ^i?) = *F for some possibly infinite car- 
dinality index set i £ I. If for some rrij £ M, Vj £ V and finite index set J, we 
have^jgj rrij(f>(vj) — for each <j> £ *V , then X^jej m j ®R v j = 0- This statement 
follows of course by substitution of Y] i&1 fi(vj)wi for each j £ J. 

To see that x® 1 — asm) = 0, we define for each v £ Horn (rT, rR), the right 

-B-endomorphism V £ E by ^(a) = a( )^( a (i))- Since also p r £ E for r = v(\t) £ R, 
we compute: 

xu(l T ) = p, (lr) F(l j4 ) = F(77(U)) = I7(F(U)) = i (0) i/(j (1) ). 

By lemma then x £ B, so that A# is a balanced module. 

(=>) If A | B is right D2, we have explicit formulas in the previous section for 
T = [A ®b A) B as a left i?-projective right bialgebroid over R = Ca{B). Define a 
coaction 5 : A — > A ® fi T by 

(5(a) = J^7i(a) ®fl Uj. (25) 
iei 

We claim that A is a right T-comodule algebra, an argument similar to 5.1] but 
with infinite index set, and postpone a sketch of the proof for two paragraphs. 

It is clear that B C A coT , since ji(b) = &7i(l) and X^7(l) u « — It- For 
the reverse inclusion, suppose x £ A such that X(n\ ® xm — x ® It- Note the 
isomorphism 

4® K T^i® B yl (26) 
given by a (S> 1 1— > at 1 (g> £ 2 , with inverse 

@{x®y) =J2 x ~fM®R u i> P ■ A® B A^> A® R T. (27) 

i 

Since li{x) ®Ui = x <8> Itj the image under is 

l^O^a: = a;<g) B 1a- (28) 

Given any f £ E, apply /i o (/ o A a ® id^) to this equation obtaining f(a)x = f(ax) 
for each a 6 A. Then p x o / = / o p X) whence £ End £v4. Then p x £ p(B) since 
Ab is balanced. Hence x £ B. 
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The Galois condition on the algebra extension A \ B follows immediately from 
the fact that (3 in eq. Ij27(l is an isomorphism. Indeed using the isomorphism /3 _1 as 
an identification between A (g)/{ T and A A is the easiest way to show 5 defines 
a right T-comodule structure on A. 

The conditions that A must meet to be a right T-comodule algebra are 

(1) an algebra homomorphism R — > A; 

(2) a right T-comodule structure (A, 5): 6 is right i?-linear, a/Q\£(am) = a for 
all a £ A, (id A <8 A) o 5 = (8 id T ) ° S; 

(3) 5(l A ) = 1 A ® 1 T ; 

(4) for all r G i?, a £ A, ra (0) <g) fl a (1) = a (0) t fl (r)a (1) ; 

(5) = £(0)2/(0) Oil ^(1)2/(1) for all x,y £ A. 

The following is a sketch of the proof, the details being left to the reader. For 
R — > ^4 we take the inclusion C A (B) <— > A. Note that <$(ar) = a( ) <8>i? £J(i)Sii(£) 

1 — 

since both expressions map into 1 (8s ar under f3~ : A (g>i? T — > ^4 ®b A. Next 
we note that A is counital since X)i 7«( a ) u i u ? = a - The coaction is coassociative 
on any a <E A since both expressions map into 1 A <E> 1a <8 a under the isomorphism 

A® fl T® fl T A® B A® B A, o®t®ti — > at 1 ® i 2 ?/ 1 ® it 2 . (29) 

The expressions in the last two items map bijectively via into r ® a and 1 ® £2/ 
in A <8>s A, respectively, so the equalities hold. □ 

The following by-product of the proof above is a characterization of right (simi- 
larly left) depth two in terms of T . 

Corollary 4.2. Let A\B be an algebra extension with T = (A<E>b A) b and R = 
C A (B). The extension A \ B is right D2 if and only if A ®_r T = A ®b A via 
a ®r 1 1 — ► at 1 ®b t 2 and the module rT is projective. 

The main theorem is most interesting for subalgebras with small centralizers. 
An example of what can happen for large centralizers: the theorem shows that 
any field extension K D F is T-Galois, since the underlying vector space of the 
F-algebra K is free, therefore balanced, and any algebra over a field is depth two. 
The bialgebroid T in this case is remarked on after Theorem 12 .21 

The paper jlj sketches how the main theorem in this paper would extend the main 
theorem in [J] for extensions with trivial centralizer as follows. We call an algebra 
extension A \ B semisimplc-Hopf-Galois if H is a semisimple Hopf algebra, A is an 
iJ-comodule algebra with coinvariants B and the Galois mapping A®b A — > A®H 
is bijective Recall that an algebra extension A \ B is a Frobenius extension if 
Ab if f-g. projective and A = Horn (As, Bb) as natural B-A-bimodules. Left and 
right depth two are equivalent conditions on a Frobenius extension 0. Recall too 
that an algebra extension A \ B is separable if the multiplication /i : A (g> b A — > A 
is a split A-A-epi. 

Corollary 4.3. Suppose A\B is a Frobenius extension of k-algebras with trivial 
centralizer R — l A -k and k a field of characteristic zero. Then A\B is semisimple- 
Hopf- Galois if and only if A \ B is a separable and depth two extension. 

Also various pseudo-Galois and almost-Galois extensions over groups, Hopf al- 
gebras or weak Hopf algebras are depth two, balanced extensions, and so Galois 
extensions with respect to bialgebroids. The following corollary is an example 
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using Hopf algebras, although the corollary may be stated more generally for bial- 
gebroids by using the proof of 4= above, which stays valid if the Galois mapping 
[3 : A®b A — > A®rT is weakened from isomorphism to split A-5-monomorphism. 

Corollary 4.4. Suppose H is a Hopf algebra and A \ B is a right H-extension. If 
the Galois mapping [3 is a split A-B -monomorphism, then A \ B is a right {A ®b 
A) B -Galois extension, where (A <S>b A) B is the bialgebroid T over Ca(B) studied 
in section 2. 

This corollary fits in with the current study of weak Hopf-Galois extensions in 
case the centralizer Ca(B) is a separable algebra over a field, whence the bialgebroid 
T is a weak bialgebra [HI Prop. 7.4]. 
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